Weyl nodes have been experimentally realized in photonic, electronic, and phononic crystals. However, magnonic Weyl nodes are yet to be seen experimentally. In this paper, we propose Weyl magnon nodes in noncoplanar stacked frustrated kagome antiferromagnets, naturally available in various real materials. Most crucially, the Weyl nodes in the current system occur at the lowest excitation and possess a topological thermal Hall effect, therefore they are experimentally accessible at low temperatures due to the population effect of bosonic quasiparticles. In stark contrast to other magnetic systems, the current Weyl nodes do not rely on time-reversal symmetry breaking by the magnetic order. Rather, they result from explicit macroscopically broken time reversal symmetry by the scalar spin chirality of noncoplanar spin textures, and can be generalized to chiral spin liquid states. Moreover, the scalar spin chirality gives a real space Berry curvature which is not available in previously studied magnetic Weyl systems. We show the existence of magnon arc surface states connecting projected Weyl magnon nodes on the surface Brillouin zone. We also uncover the first realization of triply-degenerate nodal magnon point in the non-collinear regime with zero scalar spin chirality.
I. INTRODUCTION
Geometrically frustrated kagomé antiferromagnets are the most studied quantum magnetic systems in condensed matter physics, due to their unconventional properties such as the possibility of quantum spin liquids [1] [2] [3] , where magnetic long-range order is forbidden by frustrated interactions down to the lowest temperatures. However, emerging experimental studies have shown that various frustrated kagomé antiferromagnets show evidence of intrinsic or magnetic-field-induced magnetic long-range order at low temperatures [4] [5] [6] [7] [8] . The presence of magnetic long-range order in frustrated kagomé antiferromagnets can be as a result of intrinsic perturbative anisotropy such as the Dzyaloshinskii-Moriya interaction (DMI) [9, 10] . The DMI is a consequence of spin-orbit coupling (SOC) and it is present in magnetic systems that lack an inversion center. Interestingly, it is intrinsic to kagomé materials [4] [5] [6] [7] [8] [11] [12] [13] . In the magnetically ordered phase, magnons are the quasiparticle excitations. They are uncharged quasiparticles and obey Bose statistics. Most importantly, they can transport heat, spin current, and carry an intrinsic spin of 1. These properties make magnons potential candidates for spintronics and magnetic data storage applications [14] .
Recently, the concepts of electronic Weyl semimetals (WSMs) [15, 58] have emerged as the new theme in condensed matter physics, which have been realized experimentally [17, 18] , and possess numerous potential practical applications. They are the first realization of Weyl fermions in nature. In principle, Weyl nodes are allowed in three-dimensional (3D) solid-state crystals with either broken inversion symmetry or time-reversal symmetry (TRS). Nonetheless, materials hosting intrinsic Weyl nodes are elusive in nature. In fact, the first experimental evidence of Weyl nodes was realized in an artificial photonic crystal [19] , and recently in phononic crystal [20] , both of which have the same Bose statistics as magnons.
Recently, this concept has been theoretically extended to magnon bands in the breathing pyrochlore antiferromagnets [21] and collinear ferromagnets [22] [23] [24] [25] . Although bosonic Weyl nodes must occur at finite energy, the Weyl nodes in the lowest excitations have been proven to be the most realistic (see refs. [19, 20] ). However, the predicted Weyl magnon (WM) nodes in pyrochlore (anti)ferromagnets involve nodes above the lowest excitation and have not been seen experimentally [26, 27] . Therefore, experimentally feasible Weyl magnon nodes are indeed desirable.
Thus far, the breathing pyrochlore antiferromagnet is the only antiferromagnetic system exhibiting WM nodes [21] , but the existence of WM nodes in this system is not very clear as they rely on broken TRS by the magnetic order. As every magnetically ordered system breaks TRS, we definitely do not expect all of them to exhibit Weyl nodes. Moreover, recent study also shows that the DMI can induce gapped topological magnon bands in pyrochlore antiferromagnets [28] . Hence, it is valid to say that the WMs in pyrochlore antiferromagnet may not be robust against the DMI [56] , which contradicts the concept of Weyl nodes as robust topological objects. Therefore the mechanism for WMs to exist in antiferromagnetic systems is still an open question and requires further investigation.
In this paper, we predict the existence of different, robust WMs in stacked frustrated kagomé antiferromagnets naturally available in real materials. In contrast to other systems, the current system is endowed with a 120
• non-collinear spin structure due to intrinsic outof-plane DMI or easy-plane anisotropy or intralayer antiferromagnetic next-nearest-neighbour (NNN) interaction, as realized in real frustrated kagomé materials [4] [5] [6] [7] [8] . As the conventional 120
• non-collinear spin structure has zero scalar spin chirality and preserves certain symmetries of the kagomé lattice, we find no WMs despite broken TRS by the magnetic order. This is in contrast to previous speculation in pyrochlore antiferromagnets [21] . However, the magnon bands in this case form doublydegenerate nodal-line magnons (DDNLMs) and triplydegenerate nodal magnon points (TDNMPs). We argue that the nodal-line magnons are due to an "effective TRS" (i.e. time-reversal symmetry plus spin rotational and/or mirror reflection symmetry), which is preserved by the conventional 120
• non-collinear spin structure. The new TDNMPs or three-component bosons have not been previously proposed in insulating magnets, but they have been realized in fermionic systems [30] [31] [32] [33] , as condensed matter quasiparticles are not constrained by Lorentz invariance. In stark contrast to DDNLMs in ferromagnets with zero DMI [24, 34] , the new TDNMPs in the conventional 120
• non-collinear spin structure require the out-of-plane DMI for stability.
The existence of Weyl nodes do not necessarily require any special symmetry protection. Weyl nodes appear in pairs of opposite chirality, and can be separated in momentum space when TRS is broken [58] . In the current study, a slightly canted 120
• spin structure along the out-of-plane stacking direction form noncoplanar chiral spin texture with a nonzero scalar spin chirality, which breaks TRS explicitly and macroscopically. In real materials, noncoplanar chiral spin texture can be induced either by an external magnetic field applied normal to the conventional 120
• non-collinear spin structure or by a small in-plane DMI due to lack of mirror symmetry. In both cases the noncoplanar spin canting has the same effect. Therefore, it suffices to consider only the former case. This leads to the decay of nodal-line magnons and triple magnon points into pairs of WM nodes, which form Weyl cones on the (010) surface Brillouin zone (BZ). They come in pairs of opposite chirality and possess chiral magnon surface states (magnon arc) connecting two projected WM nodes on the (010) surface.
Furthermore, in contrast to pyrochlore systems [21] [22] [23] , the current WM nodes come from the lowest excitation, which makes them experimentally feasible due to the population effect of bosonic quasiparticles at low temperatures, and they carry the dominant contribution to the topological thermal Hall effect. They are, indeed, robust as all the dominant intrinsic perturbations have been taken into account. The current results show that robust WMs require macroscopically broken TRS as opposed to broken TRS by the magnetic order in pyrochlore antiferromagnets. We also find that the WM nodes are always present in the noncoplanar regime provided the interlayer coupling is nonzero. This establishes that both 3D and quasi-2D frustrated kagomé antiferromagnets are candidates for investigating antiferromagnetic WMs. As the interlayer coupling always exist in realistic kagomé antiferromagnetic materials, the current prediction of WMs can be experimentally accessible by inelastic neutron scattering experiments. We note that topological antiferromagnets have potential technological applications in spintronics [35] . They have zero spin magnetization which makes their magnetism externally invisible and insensitive to external magnetic fields, therefore are more efficient in spintronics applications.
II. SPIN MODEL
We study stacked frustrated kagomé antiferromagnets. Generally, they are governed by the microscopic spin Hamiltonian
where i and j denote the sites on the kagomé layers, and label the layers. The first term is an intralayer antiferromagnetic nearest-neighbour (NN) Heisenberg interaction denoted by J. The second term is the DMI, where D ij is the DM vector between site i and j, due to lack of inversion symmetry between two sites on each kagomé layer. It is a perturbative anisotropy to the Heisenberg interaction J, and it is dominated by the out-of-plane component (i.e. D ij = ±D zẑ ). The DMI alternates between the triangular plaquettes of the kagomé lattice as shown in Fig. (1) a. The out-of-plane DMI stabilizes the 120
• non-collinear spin structure and its sign determines the vector chirality of the non-collinear spin order [11, 12] . The third term is an interlayer NN Heisenberg interaction between the kagomé layers denoted by J c . It can either be ferromagnetic (J c < 0) or antiferromagnetic (J c > 0). The last term is an external magnetic field with strength H in units of gµ B , and it is applied along the stacking direction taken as the z-axis. Without loss of generality, we consider unshifted stacked kagomé layers as realized in different stacked frustrated kagomé antiferromagnets [5] [6] [7] [8] . Note that all the interactions in Eq. (1) are present in real physical kagomé materials, and the magnetic field is readily available in the laboratories. In the following, we consider antiferromagnetic interlayer coupling (J c > 0). The ferromagnetic interlayer coupling (J c < 0) will be briefly discussed in the Appendixes.
III. NODAL-LINE MAGNONS IN THE NON-COLLINEAR SPIN STRUCTURE
We commence our study in the limit of zero magnetic field, H = 0. In this limit, the classical ground state of the Hamiltonian Eq. (1) is a stacked 120
• non-collinear spin structure with positive vector chirality and zero scalar spin chirality. Now, we study the magnon excitations of this spin structure. In order to do this, we rotate our spin quantization axis locally in spin space so that it aligns with the magnetic ordering, and then we introduce the Holstein-Primakoff bosons (see Appendixes (A) and (B)). If the DMI is also set to zero (i.e. D z = 0), the magnon bands of stacked 120
• non-collinear spin structure show zero energy modes for a constant out-of-plane momentum k z along H-A line [36, 37] . Therefore, the absence of magnetic long-range order in the 2D frustrated kagomé antiferromagnets also persists in the 3D limit. As shown in Fig. 2 (a), a nonzero DMI (i.e. D z = 0) lifts the zero energy mode to a flat magnon band along H-A line, and thus stabilizes the stacked (3D) 120
• non-collinear spin configuration as in the 2D system [11] .
In addition, the magnon bands of stacked 120
• noncollinear spin structure (i.e. J c = 0) form DDNLMs along K-H and TDNMPs along A-Γ lines of the BZ ( Fig. 1(b) and (c)) as depicted in Fig. 2(a) . In the weakly coupled realistic regime J c /J < 1, there are DDNLMs along K-H and TDNMPs along A-Γ. However, in the strongly coupled regime J c /J > 1 (probably unrealistic), there are only TDNMPs along K-H and A-Γ lines (not shown). The TDNMPs or three-component bosons are the analogs of fermionic counterparts [30] [31] [32] [33] . They are allowed as condensed matter quasiparticles are not constrained by Lorentz invariance.
The DDNLMs and TDNMPs in the conventional 120
• non-collinear spin structure can be understood as follows. For a perfect kagomé lattice with strong out-ofplane DMI the ground state of the Hamiltonian Eq. (1) at zero field is a 120
• non-collinear spin structure with positive vector chirality and zero scalar spin chirality as depicted in Fig. (1) a. This non-collinear spin structure preserves all the symmetries of the kagomé lattice. For instance, the combination of TRS (denoted by T ) and spin rotation denoted by R z (180
• ) is a good symmetry. Here, R z (180
• spin rotation of the in-plane coplanar spins about the z-axis, and 'diag' denotes diagonal elements. The system also has three-fold rotation symmetry along the z direction denoted by C 3 . Moreover, mirror reflection symmetry of the kagomé plane about the x or y axis in combination with T (i.e. T M x T or M y T ) is also a symmetry of the 120
• non-collinear spin structure. These symmetries are referred to as an "effective TRS" and lead to DDNLMs and TDNMPs. They are different from the DDNLMs in insulating ferromagnets [24, 34] by the presence of the DMI and TDNMPs.
IV. WEYL MAGNONS IN THE NONCOPLANAR SPIN STRUCTURE
As in electronic systems, Weyl nodes do not necessarily require any special symmetry protection. They are formed by non-degenerate bands and appear in pairs of opposite chirality, and can be separated in momentum space when TRS is broken. Now, we will break the "effective TRS" and study its effect on the magnon bands. There are two ways in which this symmetry can be broken. The first one is intrinsic when the kagomé lattice lacks a mirror reflection symmetry. Therefore, a small in-plane DMI will be allowed and induces noncoplanar chiral spin textures [4] . However, in most frustrated kagomé antiferromagnets, e.g. herbertsmithite [13] , the in-plane DMI can be very weak and negligible. The second one is extrinsic by applying an out-of-plane external magnetic field perpendicular to the in-plane stacked 120
• non-collinear spin structure. This also induces noncoplanar chiral spin textures with a nonzero scalar spin chirality given by
Interestingly, the magnetic-field-induced χ ijk;l can persist even when the 120
• non-collinear spin structure is stabilized by other perturbative interactions different from the DMI, e.g. easy-plane anisotropy [38] or intralayer antiferromagnetic NNN interaction [39] . Therefore, we expect that WMs should also exist in stacked noncoplanar chiral antiferromagnets without the DMI. This noncoplanar chiral spin texture breaks TRS macroscopically, hence we can now look for the existence of WMs. In Fig. 2(b) we plot the magnon bands in the noncoplanar regime. Evidently, we can see that the DDNLMs and TDNMPs give way for WM nodes, which are formed by linear crossing of two non-degenerate magnon bands at isolated points in momentum space. We denote the locations of the WM nodes along the k z • non-collinear spin structure (with zero scalar spin chirality) showing doubly-degenerate nodal-line magnons (red rectangle) and triply-degenerate nodal magnon point (red circle) for Dz/J = 0.2, Jc/J = 0.5, H = 0. The flat bulk magnon band along H-A line is a lifted zero energy mode due to the presence of the DMI. It is an artifact of the kagomé-lattice structure and can acquire a small dispersion upon the inclusion of an intralyer antiferromagnetic NNN interaction. Inset shows 3D magnon band in the ky = 0 plane with nodal magnon rings in the kx-kz momentum space. (b) Magnon band structure of stacked noncoplanar spin structure (with nonzero scalar spin chirality) showing Weyl magnon nodes for Dz/J = 0.2, Jc/J = 0.5, H = 0.3Hs, where Hs = 6J +2 √ 3Dz +4Jc is the saturation field. Note that the flat bulk magnon band is now dispersive in the noncoplanar regime, and the doubly-degenerate nodal-line magnons and the triply-degenerate nodal magnon point are lifted with the appearance of WM nodes. Inset shows 3D magnon band in the ky = 0 plane for W1 Weyl cones. In particular, the lowest and middle non-degenerate magnon bands cross linearly in the weakly-coupled realistic limit J c < J, and form three pairs of WM cones on the (010) surface BZ located at (±2π/3, 0, ±k W1 ) and (0, 0, ±k W2 ). In the strongly-coupled regime J c ≥ J (probably unrealistic), we also find that the lowest and middle magnon bands cross linearly at (±2π/3, 0, ±k W1 ) and (0, 0, ±k W2 ). In addition, the topmost and lowest magnon bands cross linearly at (±2π/3, 0, ±k W3 ) and (0, 0, ±k W4 ) (see Appendix (D)). In this case, the W 3 WM nodes form the analog of type-II WSM [40] (see Appendix (D)). Most importantly, we find that WM nodes always exist in the noncoplanar regime for all nonzero values of J c /J (see Appendix (D)). This suggests that both 3D and quasi-2D stacked kagomé antiferromagnets are candidates for WM nodes.
It is crucial to point out that the WM nodes in noncoplanar stacked frustrated kagomé antiferromagnets are different from those of breathing pyrochlore antiferromagnets [21] . The latter requires no DMI and rely on broken TRS by the magnetic order. However, as every magnetically ordered system breaks TRS, we do not expect every ordered magnetic system to have WM nodes. Moreover, gapped topological magnon bands were recently found in pyrochlore antiferromagnets with DMI [28] . This suggests that the WMs in breathing pyrochlore antiferromagnets may not be robust when all the proper DMIs are taken into account [56] . In the current study, however, the only requirement for the existence of WM nodes is the macroscopically broken TRS by χ ijk;l , which can be induced by the in-plane DMI or an external magnetic field as shown here, in addition to the out-of-plane DMI. They also persist in the absence of DMI as the 120
• non-collinear spin structure can be stabilized through other means, such as an easy-plane anisotropy or an intralyer antiferromagnetic NNN interaction. As we mentioned above, our results show that WMs should not be allowed in every magnetically ordered system that breaks TRS by the magnetic order. Indeed, the current WM nodes are robust as all the dominant intrinsic perturbations have been taken into account. It should be noted that although bosonic Weyl nodes must occur at finite energy, the Weyl nodes at the lowest excitation are the most realistic (see refs. [19, 20] ), and this is the case in the current system.
A. Weyl magnons as monopoles of the Berry curvature
One of the most important features of Weyl nodes is that they are topological objects. This means that a pair of Weyl nodes cannot be removed by small perturbations. They can only be removed by annihilating each other in momentum space. Weyl nodes also act as the source and sink of the Berry curvature. In other words, a single Weyl node can be considered as a monopole of the Berry curvature. In contrast to other magnetic systems, the Berry curvature in the current system is already present in the real space spin configuration due to χ ijk;l as depicted in Fig. 1(d) . The momentum space Berry curvature of a given magnon band n is defined as
wherev α = ∂H B (k)/∂k α defines the velocity operators with α, β, γ = x, y, z; H B (k) is the magnon Bogoliubov Hamiltonian, whereas P kn are the paraunitary operators (eigenvectors) that diagonalize the Hamiltonian, and E n (k) are the eigenvalues or magnon energy bands (see Appendix (C) for more details). Note that the Berry curvature is a 3-pseudo-vector pointing along the γ directions perpendicular to both the α and β directions. From the denominator of the Berry curvature in Eq. (2), it is evident that it diverges at the WM nodes. As can be clearly seen in Fig. (3) , the WM nodes come in pairs of opposite chirality, and act as source (monopole) and sink (anti-monopole) of the Berry curvature, with ±1 chirality (red and pink dots respectively).
We note that for −k Wi < |k z | < k Wi , our system is gapped and can be considered as slices of 2D topological magnon Chern insulators [41, 42] . In this case there are definite Chern numbers (defined as the integration of the Berry curvature over the BZ) in the k x -k y plane for fixed k z . They are estimated as C 1,2 (−k Wi < |k z | < k Wi ) = ±sgn(sin(φ)) for the first two bands and C 3 (−k Wi < |k z | < k Wi ) = 0 for the topmost band, where φ is the angle subtended by three noncoplanar spins in a unit triangle (see Appendix (B)), and sin φ is proportional to χ ijk (see Fig. 1(d) ).
B.
Magnon arc surface states
One of the hallmarks of Weyl nodes is the Fermi arc surface states. In the current model, they will be referred to as magnon arc surface states, and they connect projected bulk WM nodes on the surface BZ. Let us consider the (010) surface and assume that the system is infinite along x and z directions, so both k x and k z are good quantum numbers. As shown in Fig. 4(a) , the (010)-projected nodal-line magnons in the 120
• noncollinear spin structure at zero scalar spin chirality have drumhead magnon surface states (red lines). In the noncoplanar regime the nodal-line magnons give way for WM nodes. As shown in Fig. 4(b) , the (010)-projected WM nodes of opposite chirality (red and pink dots) are connected by magnon arc surface states. Also note that in this weakly coupled realistic regime (J c < J), the middle and topmost bands also feature a topological magnon Chern insulator with gapless surface states between the bulk gaps. The magnon arcs formed by topologically protected surface states that connect projected WM nodes are depicted in Fig. (5) .
V. TOPOLOGICAL THERMAL HALL EFFECT DUE TO WEYL MAGNONS
Topological Hall effect refers to the generation of a transverse Hall conductivity as a result of nontrivial noncoplanar chiral spin textures [45] [46] [47] [48] [49] . It can also occur in the absence of SOC or DMI due to the scalar spin chirality. In the current study, this will be referred to as topological thermal Hall effect as it applies to chargeneutral quasiparticles such as magnons.
Moreover, the most important property of WMs in the current noncoplanar chiral spin textures is that they come from the lowest magnon excitation, hence they contribute significantly to the topological thermal Hall conductivity at low temperatures. We note that the WMs in pyrochlore (anti)ferromagnets [21] [22] [23] occur above the lowest excitation at high energy. However, in any bosonic system the lowest excitation is thermally populated at low temperatures due to the Bose function, and makes dominant contributions to the thermal Hall conductivity [50] [51] [52] [53] . Hence, due to the population effect the WMs in pyrochlore (anti)ferromagnets [21] [22] [23] will not contribute to the thermal Hall effect at low temperatures. Therefore, previously experimentally reported thermal Hall conductivity in pyrochlore ferromagnets [54, 55] , and a subsequent theoretical calculation [52] are definitely not a consequence of recently proposed WMs in this system [22, 23] . In this regard, it is valid to say that the most important WM nodes with potential applications are definitely those at the lowest excitation [56] .
In this section, we will show that the topological thermal Hall effect of WMs in this system depends on the distribution and distance between the WM nodes in momentum space, which is a function of the scalar spin chirality of noncoplanar chiral spin textures. We note that the topological or anomalous thermal Hall effect induced by WMs has not been studied both theoretically and experimentally. We will provide a theoretical description in this section, and hopefully an experimental probe will be done in the future. The thermal Hall effect is due to the flow of heat current J γ α under the influence of a thermal temperature gradient ∇ β T . It can be derived from linear response theory [50] [51] [52] [53] . For the 3D model, the total intrinsic anomalous thermal Hall conductivity can be written as κ H = κ 
where f pointing along the γ directions perpendicular to both the α and β directions. For any surface not perpendicular to the k z direction, the WM nodes come in pairs of opposite chirality. Therefore, the net Berry curvature vanishes identically. In fact, a direct numerical integration of Eq. (3) shows that κ x yz = κ y zx ≈ 0. However, for the surface perpendicular to the k z direction the distributions of WM nodes are different. As we can see from the Berry curvature fields in Fig. (3) , for fixed k z in the vicinity of any WM nodes the net Berry curvature in the k x -k y plane is nonzero. Therefore, integrating over k z results in nonzero κ z xy . Now, we can separate the nonzero component in Eq. (3) as
where κ 2D xy (k z ) is a set of 2D thermal Hall conductivity in the k x -k y plane [41, 42] parameterized by k z , which is given by
where k = (k x , k y ). As the Berry curvature is dominant near the WM nodes, the major contribution to the thermal Hall conductivity comes from these nodes at the lowest magnon band due to the Bose function. Thus, at nonzero temperature (T = 0) the empirical expression for the topological thermal Hall conductivity can be written as
where ∆k i 0 is the separation of the WM nodes along the k z momentum direction, which depends on the scalar spin chirality of noncoplanar chiral spin textures. This relation is akin to the anomalous Hall conductivity in electronic Weyl semimetal [57, 58] . Indeed, when the WM nodes annihilate at the Brillouin zone (BZ) boundary, the system becomes a fully gapped 3D topological magnon insulator with similar features to 2D counterparts [41, 42] . As shown in Fig. 6(a) , the topological thermal Hall conductivity vanishes at zero temperature as no magnons are thermal excited. It also vanishes at zero scalar spin chirality in accordance with Eq. (6), i.e. TRS is not broken macroscopically. In Fig. 6(b) , we see that a small magnetic field is capable of changing the sign of the scalar spin chirality, which leads to a sign change in the topological thermal Hall conductivity.
It is important to note that in magnetic insulators, the thermal Hall effect is a direct consequence of the Berry curvature. This means that the thermal Hall effect is also present in 2D magnetic insulators without WM nodes, but with nonzero Berry curvature [41, 42] . In those systems without WM nodes, the low temperature thermal Hall effect is dominant when the lowest magnon excitation is well-separated from the rest of the magnon bands. In contrast, the dominant contribution to the thermal Hall effect in the current system comes from the Berry curvature near the WM nodes at the lowest magnon excitation [56] . Moreover, also note that ferromagnetic thermal Hall effect is a consequence of the coexistence of spontaneous magnetization and out-of-plane DMI [59, 60] . In contrast, antiferromagnetic thermal Hall effect is neither a consequence of spontaneous magnetization nor out-of-plane DMI, because antiferromagnets have vanishingly small magnetization, and the out-ofplane DMI only stabilizes magnetic order in frustrated antiferromagnets.
VI. CONCLUSION
We have shown that stacked frustrated kagomé antiferromagnets are complete topological magnon "semimetals", hosting both nodal-line magnons and triplydegenerate nodal magnon points at nonzero DMI with zero scalar spin chirality. They are transformed into type-I and type-II Weyl magnon nodes at nonzero scalar spin chirality, and possessed a finite topological thermal Hall effect. The currently predicted Weyl magnon nodes do not rely on broken TRS by the magnetic order. Rather, they are provided by explicit macroscopically broken TRS by the scalar spin chirality. Therefore, the concept of Weyl nodes may exist in chiral spin liquid states [43, 44] , where TRS is spontaneously broken by the scalar spin chirality. As we noted above, noncoplanar chiral spin textures are intrinsic to realistic frustrated kagomé materials with both in-plane and out-of-plane DMI. Hence, the present Weyl magnon nodes are, indeed, robust as all the dominant intrinsic perturbations have been taken into account.
As the Weyl magnon nodes occur at the lowest excita-tion they contribute immensely to the topological thermal Hall effect as showed above. The sign of the topological thermal Hall conductivity can be switched by a small external magnetic field, paving the way toward possible applications in magnon spintronics and magnetic data storage devices. Moreover, a nonzero topological thermal Hall conductivity in stacked frustrated kagomé antiferromagnets could also serve as an avenue to probe macroscopically broken time-reversal symmetry or scalar spin chirality. The predicted results can be investigated experimentally by thermal transport measurements, and Weyl magnon nodes can be investigated experimentally using the inelastic neutron scattering methods. We believe that our prediction of Weyl magnon nodes in stacked (3D and quasi-2D) noncoplanar chiral spin textures is the most promising candidate towards the first experimental realization of Weyl magnon nodes in magnetic systems. Although we considered non-collinear spin structure with positive vector chirality, our results should also exist in magnetic systems with negative vector chirality (or inverse triangular spin structure) as recently reported in an insulating stacked kagomé antiferromagnet [61] . Similar inverse triangular spin structure was also realized in metallic frustrated magnets Mn 3 Sn/Ge [62] [63] [64] , with metallic Weyl nodes [65, 66] , but in this case the spins cant in-plane with zero scalar spin chirality.
Note added. Upon arXiv submission of this manuscript, we became aware of a recent study Ref. [67] , where the authors adopted the easy-plane breathing pyrochlore antiferromagnetic model in Ref. [21] , and studied WMs in the easy-axis counterpart with all-in-all-out (AIAO) magnetic ordering with zero scalar spin chirality. Therefore, this system also rely on broken TRS by the magnetic order and they are obviously different from the current results in noncoplanar stacked kagomé antiferromagnets with nonzero scalar spin chirality.
Appendix A: Spin transformation
To facilitate spin wave theory we express the spins in terms of local axes, such that the z-axis coincides with the spin direction. This can be done by performing a local rotation about the z-axis by the spin orientated angles θ i, , given by
Due to spin canting induced either by an external magnetic field or an in-plane DMI we perform another rotation about y-axis by the angle ϑ, given by
The total rotation matrix is given by
Now, the spins transform as
where prime denotes the rotated frame. The classical ground state energy is given by
where N is the number of sites per unit cell, and the magnetic field is rescaled in unit of S. Minimizing this energy yields the canting angle cos ϑ = H/H s , where
c is the saturation field. Performing the spin transformation there are so many terms, but we will retain only the terms that contribute to noninteracting magnon model. They are given by
where θ αβ = θ α − θ β . For antiferromagnetic interlayer coupling J c > 0 we have θ = π, whereas for ferromagnetic interlayer J c < 0, θ = 0. In this case only the first term in the J c term is nonzero. The scalar spin chirality of the noncoplanar (umbrella) spin configurations is defined as
Note that the scalar spin chirality is induced only within the kagomé planes.
where k i = k · a i , with a 1 =x,â 2 =x/2 + √ 3ŷ/2, and
The momentum space Hamiltonian for J c < 0 can be derived in a similar way.
The magnon Hamiltonian H(k , k z ) can be diagonalized numerically using the generalized Bogoliubov transformation. This can be done by making a linear transformation ψ k = P k Q k , where P k is a 2N × 2N paraunitary matrix defined as
where u k and v k are N × N matrices that satisfy
Here,
) being the quasiparticle operators. The matrix P k satisfies the relations,
where
, and E n (k) are the energy eigenvalues and n labels the bands. Here, 'diag' denotes diagonal matrix. From Eq. (C7) we get P † k = τ 3 P −1 k τ 3 . Therefore, from Eq. (C6) the Hamiltonian to be diagonalized is H B (k) = τ 3 H(k), whose eigenvalues are given by τ 3 E k and the columns of P k are the corresponding eigenvectors. Using the paraunitary operator P k we can define a Berry curvature as shown in the main text Eq. (2) . The Chern number is the integration of Eq. (2) over the BZ.
Appendix D: Locations of Weyl magnon nodes
The magnon Hamiltonian (C1) cannot be diagonalized analytically, but at specific points Γ 1 = (k x , k y ) = (±2π/3, 0) and Γ 2 = (k x , k y ) = (0, 0), the eigenvalues of the magnon Hamiltonian can be found exactly as a function of k z . At Γ 1 the magnon energy bands are given by The WM nodes correspond to the points where two magnon bands cross linearly along the k z momentum direction. The lowest and middle magnon bands cross linearly at (±2π/3, 0, k W1 ) and (0, 0, k W2 ), where k W1 = ± cos −1 (α 1 /β 1 ) and k W2 = ± cos −1 (α 2 /β 2 ), 
The topmost and lowest magnon bands cross linearly at (±2π/3, 0, k W3 ) and (0, 0, k W4 ), where k W3 = ± cos −1 (α 3 /β 3 ) and k W4 = ± cos −1 (α 4 /β 4 ) 
In Figs. 7(a) and (b) we have shown the WM bands in the quasi-2D and strong 3D limits respectively. We see that WM nodes persist in the noncoplanar quasi-2D limit for very small J c /J = 0.05 (a). However, in the strongly coupled limit (maybe unrealistic) J c /J = 1.2 (b), the topmost and lowest bands form type-II WM nodes. For ferromagnetically coupled stacked kagomé antiferromagnets, i.e., J c < 0 there are no discernible WM nodes as shown in Fig. (8) . Rather, the system is a topological magnon Chern insulator with gapless surface states.
